Indeed, if one uses the coordinate system moving with the mean velocity of chaotic orbits due to the driving force, the chaotic orbits become identical to the Levy flight due to the intermittent sticking to the islands of tori. This is shown numerically using the standard map with an external force, i.e., the Josephson map. The probability distribution function of the coarse-grained velocity is determined explicitly and turns out to obey an anomalous scaling law characterized by the exponent s. § 
Introduction
Diffusion of chaotic orbits is one of the most important transport processes in various physical systems. 1)-3) In particular, diffusion in hamiltonian systems has been realized to be the most fundamental feature of chaos since the discovery of Lagrangian turbulence_ 4 ) In this light, we have studied the diffusion of chaotic orbits in the widespread chaotic sea of the standard map with nonlinearity parameter K>Kc(=0.97163···). 5 ) It has been found that the variance of action It at time t takes the form for n-HXJ with an exponent 1;. If there are no accelerator-mode islands, then 1;= 1, so that the diffusion is normal with diffusion constant D = limt-'" < ( It -10)2) /2t. If there exist acceleratormode islands, however, the chaotic orbits become identical to the Levy flight due to the intermittent sticking to the islands so that the diffusion is anomalous with 1;> 1, D==.
Thus the diffusion in the widespread chaotic sea is normal even when islands of tori exist, as long as there are no accelerator-mode islands. If we apply an external driving force, however, this situation changes drastically. Namely, the normal diffusion with s=l changes into an anomalous diffusion with S > 1. This is due to the fact that the chaotic orbits become identical to the Levy flight, as shown in Fig. 1 , if we take the coordinate system moving with the mean velocity of the chaotic orbits. In the present paper, this will be shown numerically by studying the standard map with an external force, i.e., the Josephson map.6),7) It will also be shown that the probability distribution function for the coarse-grained velocity obeys an anomalous scaling law which is characterized by the exponent s. In § 2, we consider the Josephson map and its phase-space structures. In § 3, we introduce the coarse-grained velocity v and its spectrum ¢(v) to study the diffusion of chaotic orbits. In § 4, we give the results of numerical experiments concerning these quantities. In § 5, we obtain an anomalous scaling law for the probability distribution function of v and determine the function explicitly by use of Feller's theorem of recurrent events.
S )
The last section is devoted to summary and remarks. § 2. Standard map with an external force
We consider the diffusion of chaotic orbits in the standard map with an external force. This is the so-called Josephson map. Let ft and Ot be the action and angle variables at time t=O, 1,2, .... The Josephson map for X t=(8t, ft) is given by6)
where -0.5::;: Ot < 0.5, K is a nonlinearity parameter, and r is an external force. This map is obtained by adding the constant term r to the standard map. Equation (1) 
The parameter range in which islands of tori exist around the stable periodic orbits with Q=1 is determined by the stability condition of the periodic orbit {Xn given by (4) as shown in Fig. 2 . As r is increased at K =3.8 for which islands of tori exist, the phase-space structure is varied drastically, as shown in Fig; 3 for several values of r.
The islands of tori lying on the left-hand side in Figs 
K
In the following, we shall consider the diffusion of chaotic orbits in this widespread chaotic sea in which various islands appear, depending on the value of K and r.
Let P(j; n) be the probability distri· bution function for ]n(Xo) to take a value around J. We consider chaotic orbits in the widespread chaotic sea. If the time series {In} may be regarded as a Gaussian random process, then P(j; n) obeys (b) r = 0.03 the diffusion equation!) (5) In the standard map, the diffusion constant D becomes infinity and the diffusion equation (5) breaks down for the range of the parameter K in which accelerator-mode islands exist. In the following section we shall consider how the external force r affects the diffusion of the standard map when normal islands of tori exist. § 3.
Diffusion of chaotic orbits
We shall consider the time series of Ut=It+l-It which represents the displacement of It by one iteration. Then the moving distance of It during n iterations is given by (6) If the decay of the time correlation of Ut is sufficiently rapid, the diffusion constant D exists, leading to the variance (7) for n~l, where < ... 
where v=<Ut> is the drift velocity of chaotic orbits. The probability density of Sn is given by pes; n) =<O 
In a chaotic sea of a hamiltonian system, chaotic orbits stick to the islands of tori repeatedly. Since the value of Ut around the islands is far from its average V=FO, we study large fluctuations of Ut by introducing the coarse-grained velocity9) (10) and its probability density
.. oo , vn(Xo) converges to its average v",,=<Ut>= v, and P(v; n) decreases for each value of v if V=F v.
We wish to know the manner in which P(v; n) decreases with time n. We may first assume that the decay is exponentially for large n so that there exists the velocity spectrum
n-""
where V=<Vn(Xo»=<Ut> is the drift velocity and ¢(v)is a concave function of v with
Equation (6) leads to the variance where Ct is the time-correlation function of Ut. In general, we have (13) for large n. If Ct has a long-time correlation of the form Ct ex: t-(P-l) with 1 < i1 < 2, then the second term of (12a) leads to s=3-i1 > 1, so that (7) and (9) break down with
D=oo. We will call this anomalous diffusion. Indeed such a remarkable situation occurs if islands of tori exist, as will be shown in § § 4 and 5. § 4.
Numerical results
In this section we give results for numerical experiments on the variance and distribution function of It.
A. Anomalous diffusion with s> 1 Figure 4 displays numerical experiments on the variance of Sn=Jn-Jo for two cases, (a) with no external force (r=o.oo, K=3.8) and (b) with an external force (r =0. 10, K=3.8) . The phase-space structure for case (a) is shown in Fig. 3(a) , and that for case (b) is given in Fig. 3(d) . These islands are all normal with 1=0, vs=O. Thus a linear n·dependence is obtained with D~0.057 for case (a), whereas Fig. 4(b) leads to s~ 1.14, D=oo for case (b), which is quite different from case (a), where s=1.
Namely, variance and diffusion become anomalous with s > 1 if r is not zero. Thus r=o is a singular point, and thus linear response to r cannot exist.
The anomalous variance of Fig. 4(b) can be analyzed in the following manner. Islands of tori form a self ·similar hierarchical structure of islands around islands. 101 A chaotic orbit in the chaotic sea sticks to such a structure of islands repeatedly, as shown in Fig. 1 , with an inverse-power distribution function f( r) of sticking times r;
where there exists a finite mean sticking time r.31 The probability for this chaotic orbit to stick longer than n is given by5J.ll1 Figure 6 (a) displays results of numerical experiments on ¢n( v) for different values of n with n~l, in the case of Fig. 5 (a) , justifying the normal distribution. The reason for this is that any orbit segment which sticks to an island and encircles this island does not contribute to the sum (7), since [Vn(Xo)]torus=O, and <Ut>= v=O. Then the variance is determined by the segments of a chaotic orbit which lie inside the chaotic sea, and Ct has a finite correlation time so that (13) reduces to (7) with s=l.
Then the coarse-grained velocity (10) (a) r = 0.00
".
,. 
R. Ishizaki and H. Mari for n--->co, leading to the normal spectrum ¢(v)= v 2 /4D. Then P(v; n)dv= p(x)dr for x=/nv with p(x)=/1/471Dexp[ -x
2 /4Dl Figure 6 (b) displays numerical experiments on ¢n(V) in the case of Fig. 5(b) , where the islands are normal with /=0, V8=0 and the drift velocity is fJ :::::0.37. Three curves with n=I50, 300 and 600 are shown for the long-time average, where n~N =10 7 is satisfied. As n increases, the curve of ¢n(V) converges to ¢(v)=O for 0< v< fJ. This is because the repeated sticking to islands with V8=0 brings about orbit segments with Vn(Xo) extending from fJ to 0, and the probability for such orbit segments to appear decays slowly with n, obeying a power law for n--->CO. This asymptotic spectrum can be obtained theoretically by extending the thermodynamic formalism of ¢(V). 9) This asymptotic spectrum represents the intermittent switching between the long sticking to islands where Vn:::::V8=0 and the chaotic sea where Vn::::: fJ:::::0.37. According to the law of large numbers, the general form of P(v; n) is given by9)
for large n. Since ¢(v)=O, this leads to power-law decay
for large n (where ¢(v»O). This is quite different from the normal distribution (16). In this section we discuss the anomalous scaling law of the probability distribution function P( v; n) for the anomalous diffusion induced by external force, considering the case of Fig. 5(b) and Fig. 6(b) for r=O.38, K=3.8. As shown in Fig. 6(b) , as n increases, ¢n(V) becomes zero for 0< V< fJ:::::0.37, so that the power-law distribution (18) holds. The reason for the existence such an anomalous diffusion is the fact that the chaotic orbits stick to a self-similar hierarchical structure of islands around islands intermittently, hence becoming identical to the Levy flight, as shown in Fig. 1 .
The probability distribution function of the coarse-grained velocity (10) would, in general, obey a scaling law of the form
for large n, where 8 is a scaling exponent satisfying I~8>0. The normal distribution (16) satisfies this scaling law with 8=0.5. Indeed if the time-correlation function Inserting (21) into (19) and comparing with (18), we obtain
for nISI fjl~co. Figure 8 
where c and a are positive constants. Figure 9 justifies (24) In the present paper, we have studied the diffusion of chaotic orbits in the widespread chaotic sea of the standard map with an external force from the statistical-mechanical viewpoint and have shown that the diffusion becomes anomalous when there exist islands of tori. We have clarified the statistical properties of the anomalous diffusion by using the coarse-grained velocity.
If no external force is applied, then the diffusion is normal, with s=l, for the variance of diffusion (13) even when islands of tori exist, as long as there are no accelerator-mode islands. Then the probability distribution function P(v; n) for the coarse-grained velocity (10) is normal, like (16), with spectrum ¢(v)=v 2 /4D, D being the diffusion constant.
If an external force is applied, however, the intermittent sticking of chaotic orbits to the hierarchical structure of islands around islands becomes important, so that the diffusion becomes anomalous with S > 1 and a nonzero drift velocity of chaotic crbits v=i=O. Then the time-correlation function (12b) takes the inverse-power form Ct ex: t -<P-l), (1 < /3 = 3 -s < 2). Thus if we apply an external force, the normal diffusion with s=l, v =0 changes into the anomalous diffusion with s> I, v=i=O. This can be understood easily if we take the coordinate system moving with the nonzero drift velocity v, since then the chaotic orbits become identical to the Levy flight, as shown in Fig. 1 , due to the intermittent sticking to the islands. Thus it turns out that diffusion in a widespredad chaotic sea with islands of tori is singular for the driving force r, and thus that linear response of diffusion to the external disturbance r cannot exist.
The statistical properties of the anomalous diffusion are characterized by the probability distribution function p(v; n), which takes the form (25) Such anomalous diffusion induced by an external force is expected to occur in various periodic maps of hamiltonian systems. Then the foregoing statistical properties may also be observed.
